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Edwards normal form

An elliptic curve E/k C P3 (in char(k) # 2) in (twisted) Edwards
normal form is defined by

X2 +dX3=cX?+ X3, XoX35=X1Xo.

Properties:
@ TheidentityisO=(1:0:0:1)and T=(1:1:0:0)isa
point of 4-torsion.
© The translation—by—1T" morphism is given by:
TT(XO . X1 . X2 . Xg) = (—Xo . —X2 ZXl . Xg)
@ The inverse morphism is defined by:
[—1](X0 . X1 ZX2 : Xg) = (—XO . X1 : —XQ . Xg)
@ F admits a factorization through P! x P!, where
71'1(X0 : X1 : X2 : Xg) = (XO : XQ) = (Xl :Xg),
WQ(XO . X1 : X2 . Xg) = (Xo : Xl) = (X2 ZXg).

Remark: X3 = 0 cuts out Z/4Z = (T').
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Z/AZ-normal form

An elliptic curve E, = E/k C P3 (in char(k) = 2) in Z/4Z-normal
form is defined by

(Xo + X1+ X9+ X3)2 =cXpX9 = cX 1 X3.
Properties:
@ TheidentityisO=(1:0:0:1)and T=(1:1:0:0)isa
point of 4-torsion.

© The translation—by—T" morphism is given by:
7r(Xo: X1 : Xo: X3) = (X3 : Xo: X1 : Xo).

@ The inverse morphism is defined by:

[—1](X0 . X1 . X2 . Xg) = (Xg . X2 : X1 . Xo)
@ F admits a factorization through P! x P!, where

7'('1(X0 . X1 : X2 . Xg) = (XO . Xl) = (Xg . XQ),

mo(Xo: X1 : X9 X3) = (Xo: X3) = (X1 : Xo),

Remark: X + X + X2 + X3 = 0 cuts out Z/4Z = (T').
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Split ps-normal form

An elliptic curve C. = C/k C P? (in char(k) = 2) in split
pq-normal form is defined by

(X0 + X2)? = ¢? X1 X3,
(Xl + X3)2 =c? XoXo.

Properties:

@ TheidentityisO=(c:1:0:1)andT=(1:0:1:¢)is a

point of 4-torsion.
© The translation—by—1" morphism is given by:
mr(Xo: X1 Xo: X3) = (X3: Xo: X1 : Xo).
@ The inverse morphism is defined by:
[—1](X0 : X1 : XQ ZXg) = (XO : X3 . —X2 : Xl)

@ F does not admit a factorization through P! x P!.

Remark: The hyperplane X3 = 0 cuts out 4(O)[~ ps/kK].
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THEOREM

Let E/k be an elliptic curve over a field of characteristic 2 with
identity O, rational 4-torsion point T, and j-invariant j = c®.
@ There exists a unique embedding 1 : E — E. C P3 as a curve
in split 7Z/AZ-normal form such that
(0O)=(1:0:0:1)and (T)=(1:1:0:0).
@ There exists a unique embedding v : E — C. C P? as a curve
in split pg-normal form such that
1(O)=(c:1:0:1)and(T)=(1:0:1:¢).
@ There exists no linear isomorphism E 2 = C..

@ Any symmetric embedding of E in P? is linearly isomorphic to
either E 2 or C..

Independently Diao introduced an affine plane quartic model whose
embedding by the associated complete linear system can be
identified with E., and Diao and Lubicz have studied the model C,
for efficient pairings.
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THEOREM

Let E/k be an elliptic curve in twisted Edwards normal form:
on + dXB? = CX12 +X22, XoX3 = X1Xo.
A basis for the bilinear addition law projections for m o i is
{ (XoYo +dX3Y3, X1Ys + XoV7), }
(eX1Y1 + XY, XoY3 + X3Yp) [~
and for o 5, we have
{ (X1Ys — XoYi, —XoY3 + X3Yp), }
(X(]Y() —dX3Ys, —cX Y1 + XQYQ) ’
Addition laws of bidegree (2,2) are recovered by composition with
the Segre embedding:
S((Up : Ur), (Vo : V1)) = (UoVo : Ui Vo : UpVy - UL V).

COROLLARY (HISIL, ET AL.)

Addition of generic points on an elliptic curve in Edwards normal
form can be computed with 8M.
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THEOREM

Let E/k be an elliptic curve in Z/47Z-normal form:
(Xo + X1+ Xo + X3)? = cXoX2 = cX1 X3.
A basis for the bilinear addition law projections for wy o | is
{ (XoYs + XoY1, X1¥o + X3Ya), }
(X1Y2 + X3Yp, XoV1+ XoY3) |’
and for g o yu is:
{ (XoYo + XoYa, X1Y1 + X3Y3), } '
(X1Y3 + X3Y7, XoY2 + X2Yp)
Addition laws of bidegree (2,2) are recovered by composition with
the skew-Segre embedding:
S((Up : Ur), (Vo : V1)) = (UoVp : Ui Vo : Ui Vh = ULl V).

COROLLARY

Ad(dition of generic points on an elliptic curve in 7 /AZ-normal
form can be computed with 12M.
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THEOREM
Let E/k be an elliptic curve in py-normal form:
(Xo+ X2)2 + 2 X1X
0 2 143,
(X1 + X3)2 + 2 X Xo.
A basis for bidegree (2, 2)-addition laws is
(X3Y2 + XY, ¢(XoXsY1Ya + X1 XoY0Y3), X3YE + X3V, ¢(X2X3YoY1 + XoX1YaY3) ),
(X3YE + X3Y2, c(XoX1YoY1 + XoX3YaY3), X3V + X2V, c(X1XoY1Ys + XoX3YoY3)),

(XoX3V1Ys + X0 X1Y0Ys, ¢(XoXoYF + XiV1Y3), X1 XoYY) + XoX3YaYs, ¢(X3YpYs + X1 X3Y))

(XoX3YpY1 + X1 XoYaYs, ¢ (X1 X3V + X3YpYa), XoX1Y1Ya + XoX3YoYs, ¢(XoXoYE + X3Y1Y3))

COROLLARY

Addition of generic points on an elliptic curve in ps-normal form
can be computed with TM + 2S + 2m..
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THEOREM

Scalar multiplication of a point P = (to : t1 : to : t3) on an elliptic
curve in Z/AZ-normal form can be computed using

4M + 4S + m; + m. per bit.

Montgomery endomorphism. The above theorem is a
consequence of the existence of simple forms for arithmetic of the
Montgomery endomorphism

(P+Q,Q)— (2(P+Q), P+2Q),

on the Kummer curve P! = E/{41} (or rather for its restriction to
the diagonal image of Ap = {(P+ Q,Q)} & F in P! x P1).
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Quadratic twists. We cover all ordinary elliptic curves over a
finite field of characteristic 2 and odd degree by considering twists
by k[w]/k where w? +w + 1 = 0 (e.g. this covers all recommended
curves in the NIST standards for characteristic 2).

@ For an elliptic curve E in Z/47Z-normal form, the twisted
group E’'(k) embeds in E(k[w]) as:

(Up + wUy : Uy + wUs : Uy +wUs : Uy + wU).

© For an elliptic curve C' in py-normal form, the twisted group
C'(k) embeds in C(k[w]) as:

(U() U +wUs : Uy : Uy —i—ng).
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